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nPEAilCn0BilE
lauxoe noco6rae rrocB.gl:1eHo reopul{ fiocrpoeHu.s u npaxTr.rKe rrpHMeHeHHt

MarpnrrHbrx l,ro4e:refi AHHaMTTKLI oAHoBLrAoBbrx nony.nrrlvtii c llucKperHofi crpyl(-
T)pofi MouIHoMy r{HcrpyMeHTy coBpeMeHHr,rx uccne4oeaanii B nonyJrrq}l oHHoii
6nororurl.

3a 75 :rer co BpeMeHr nepBr,rx ny6:ruxarlui no uo4e:ru JIecnH (1941 1945)
TOHKaT TpOnrrHXa, IIpOJrOXeHHat TOI,4a eAV HI{qHHNtr,t aBTOpaMH OT MaTeMaTI] -
qecKr.rx Marpltq K 6uorofu.recKr.lM torryntqxrM, npeBparuJracr B rnr{po(yrc
Aopory, no I{oropofi cMeJro rnara}or yxe rblc.{rllt ucclegorare;refi no BceMy
uapyr. Jlorr.rvecrve 3TaIILr pacruupeHr.rr rofi (Tporr.rHKur.' r{Lr nocTapaJtuc!
npeAcraBrrrb B 3Toii KHr.rre. TpagarluouHrre y.re6Hl4lrx rro KoJruqecrBeHH[,rM
MeToAaM B SXoJIorII,t anrr AIiHaMtKe 6uolo r.recxux nonyrrquii o6rruno
orpaHuqyBatofcr npocrciiurulru MoaeJrsvl-i Ilectu !;ts tJotpoLuHUfi crpyr(Ty-
psr u (n ryvmeu cryqae) "rlefKosuqa Anfl crpyKrypst cmaduiuoi, rorAa KaK

Ha tIpaKTHKe Mbr craJrKI.IBaeMcs c 6o,']ee cro)KurrMl.l )r(ft3HeHHblMl.t quKJraMu

opIaHI-r3MOB C yCKOpeHUtMl' B pa3BATItI4 lr BO3BpaTaMLt K npOtlAeHHbrM CTa-

.qlrrM u ,qaxe c AeofiHo crpyxrypoi nonynqrlr4l.i, x Haura KHr{ra BocrorH.rrer
oror npo6el.

?ea:msr,re MoAeJru HeBo3Moxrnr,r 6eg peaJr;Hblx IaHHbrx u AocroBepgoro
6ltoloruqecroto 3na:uvfl, v B groM orHolrIeHr4r.r MLr c 6:raro.qapHocrrro orue-
qaeM BKJTaA corpyAxr.rKoB r(a$e.4p6l reo6oraurxlr 6Ho,roruqecxoro $axymre-
ra MIV uu. M.B Jlolrogocoea - B.f. Onr.rn.reHro, E.C. Ka3aHrleeofi, A.H.
{euunonoii, Cyr!ecreeuuyro noMoIIIb oxa3atrl4 MHoroqr'rcJreHHbre KoHcyJrbra-
qran rz 4o6pne ceBerbr B.P. CrpraraHonofi u JI.M. Eacxr.rna (l4II33 PAH uu.
A.H. Ceeepqona), Puqapga JIoy (R.Law, York University,UK). Vnounryrar
BLIIIIe ((IllupoKar Aopola> ecTb yirljua c ABycTopoHHuM /]BH)I(eHIIeM:
coBpeMeHHar rrpaKTrzKa npriMeHeHur MarprrqHr,rx MoAenefi Tpe6yer
ceple3Hbrx BbrluicJrr4TeJrr,lrLrx ycustuil lr nporpecc Hamr.rx 6otaHuqecxHx
npoexroB Bo MHoroM o6r:au rponor:rNnofi pa6ore 14.H. EenoBofi
(Knouroaoi) n H.H. 3asarrrlrsa - corpyAHr4KoB Jla6oparopull ua-
reMarrrqecKofi 3Korrorrrlr I'IOA PAH ulr. A.M. O6yxoea; \eopLtfl LI

npaKTr4Ka MarpI,IrIHIIX MoAeneii MorliBl{pyer H HoBbte Maf eMarr.rqecKue
3ana.<u, B perrreHxv Koropllx HeoqeHr{Ma poJrb B.IO. Ilporacona
(nrexauuxo-uarelraruqecxufi Saxy:m'rer MfV) u AaJreKo He Bce r43

Koropr,rx perreH;t K Hacrorr{eMy BpeMeHr4. Ho rnura aApecoBaHa rraBHbrM
obpa:ol,t 6rzo:rorau, crpeMrut{Mc;t ocBour; uarpr,ruuui1 alnapar r{
npr.IMeHtrb ero B I{ccJteAoBauraxx. Heo6xognM6le rrpeABapnreJ]bubre 3HaHLI.{

MaTeMaTnKu He BETXOATT 3a paMKH HaqaJrrJHOIO KypCa MaTeMaTrrqecKoro
aHarLI3a AJrt cryAeHToB HeMareMaTlirrecKnx cneqr.rajrBHocret, a HyxHETe
cBe,4eHr.it vi reoplt4 Marpxu lpcrc raBJ']eHbr B IIpu,roxeHur.

I Mrpoosre 6anrcu COMPADRE u COMADRE MarptrqHbx MoAeneii fionyrrutri pacreHri rr

xrBorHBrx coorBerqrBcrrEo Hacq[Tbrsaror rr,rc{.ra llybnn(arlrdl, htlp: /hr\.ra1.compadrc db-olg
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npeAucnoBne

Vce6noe noco6r,re Moxao r{cno;r63oBarr, B K}?cax ((IlonJmsqroHHas 6uonoms
pacrenafi>, <<florrylr{uonnar 6lloror[.a xrlsorlrrx>, <<Er.rorauQopMaruKa Mare-
Marnqecxoe MoAeirr{poBaHl4e)) <<Ocnoeu uogenr.tp ouanus t4 nporpaMMxpoBaH}It>.
Iloco6rze pexolreH,{oBaHo Ans noAroroBrrr 6axa,raapoe, Ma {crpoB 14 acnltpaHToB
IIo cleqr{aJrbr{ocrrr'r: 03.01.09 - MaTeMarr4rrecKar 6uonorux, 6uornrtlopuarura,
03.02.01 6oranuxa, 03.02.04 - zoorrorm, 03.02.08 - :xo:ronrq.

[.O. JloeoQem, H.f. Vnauoea
Mocrcea, ceuma6po 2017 z.
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BBEAEHT4E

$ B1. flonynnqxr c E,rcKperHof crpyKrypoi

IIo 4annrrla OOH, uucneHnocrl; MupoBoro HaceJreanr AocrrrrJra 'J.2 utusutu-
apAa rreroBeK s 2014 ro4y Ii, KaK oxI4Aaerct, Bo3pacrer 6onee .reM sa 2 wultlu-
apAa qeroBeK x 2050 rogy. 3ra o4eurca u oror npoeHo3 BaxHbr .qJr rroHuMaHr.rt
uo6anruofi cr4Tya\w r4 cxopocrl4 pocra nonytnluu Homo sapiens, Ho He .[aror
lpeAcraBreHu.s Hu o pa:noo6pa:uu yororui nocrpou3BoAcrBa ,I cocraBa HaceJIe-

HI,I.'I B pa3IflqH6IX perlroHax Lr CTpaHaX, HH O TOM, KaK BOCIpOT43BOACTBO 3aBrICr.lT

or coqrrairbHo-gKoHoMr4r{ecKux t4 pnpoAHbrx ycnoBrrf. rAe nollyntqut BBIpacTeT,

a rAe coxparrrrcr. Ha raxne Bonpocrl orBeqaer uayxa deuozpa(lun, u3yqatouf,af.
cmpyKmypbt rroflynflqlrri, T.e. pacnpe,4eneHrax o6rqefi qr{cJreHHocrr.r no KaKoMy-To

olpeAeneHHoMy npn3Haxy nony, Bo3pacry, reHorr{ny, craguu pasnurut oco6eit
u r.g. Heo6xogul.rocrb paccMarpnBarb pa3H6re rpynnu oco6efi o4nofi lolyJrrrlr{u:
Bo3HHKaer noroMy, r{To tpynnbr no-pa3HoMy pearupyror Ha r{3MeHeHr'rr ycnoBuii,
ItM xaparTepHhr pa3H6re 3HaqeHlrt de.ttozpaQuuecrcux norca3ameteit (raxux rar
potrcdaettocmt, u cuepmuocmt'). Kar npaurno, crpyrrypa [onyJrrquu ducxpemrrct
(r.e. efi coornercrByer xoHeqHoe rrucro pa3iruqHhrx rpynn oco6eii) no cMrrcJry

xlacclr$lrqlrpyrcrqero nprcuaxa (noJr, reHorun, craAr{r, pe zoH o6urauut ur-n),
a r{orAa npr{3Har Ar{crperHr,rM He rBrrerc{ (HalpriMep, a6comorusrfi eo3pacr r{nrr
paslrep oco6u rz6o lracca rena), BBoAtr ILIcKperHyro rrrKany, yAo6Hyro An.{ no-
JyqeHur AaHHrrx B xo4e na6nrogenuii/usuepeuui (uanplirr.rep, paccMarpr4Baror

foAuqHBre Bo3pacTHLIe KJracc6I IIJIII 3aMeprroT BLTCOTy lepeBa C TOqHOCTbIO AO

I0 cn).

Iucrpernyro crpyKTypy no[ynsquu, cocronqy]o, HanprrMep, ll: 5 crpyrryp-
HLrx rpyn[ oco6eii, npeAcraBJrrror B BI4Ae seKmopa (rouuee, sexmopa-cmon64a,
cu. flpzloxenue, $n.1), e gaunorrr noco6rzlr o6ogua.rer {oro x: [x' xr, ..- xr]''.
rlrcJro KoMnoHeHr (u,tu pasuepuocrzo) eercopa paruo (panna) qucny fpynfl, a Ka-
xAas KoMloHeHTa x, (J - : 1., 2, ..., 5) roxa:rrnaer r{r4creHuocr6 oco6efi s co-
ornercrnyrorqefi rpy'nne. llucnenuocrl Mo)KHo Bbrpaxarb s a6corrorHrrx 1116o

orHoclaTeJrbHbrx e,4uHrruax, Ho eAr,rHbrM Arq Bcex xoMrroHeHT cnoco6ov. llro6u
noAqep(HyTb npr{Br3Ky AaHHbrx K onpeAeJreHHoMy MoMeHTy BpeMeHn, }rcrroJrb-

syror o6o:uaveune r(l), npuveu napaMerp I npo6eraer xoueunrri pr4 :uaueHlri,
ycJroBHo 3aHyMepoBauHbrx HaryparlHbrMl.i qucraMu or 0 go Z(ue nyrarr co cr4M-

BorroM mpaHcnoHupoaauuar,npezpaqaloqr4M crpo(y r cro:r6eq lr uao6opor), rge
t : 0, 1, -.., Z, rlr6o rora:rraaer Qar<rr,ruecxufi rog c6opa AaHHbrx, Hanpr.rMep,

t : 2010, 2013,2015. Kor4a air,reerct ABa u 6onee gnaqeuufi napaMerpa /, roBoprrr
o6 rlsuenenr.ur nerropa x(l), utu epeueutbii duuauuxe crpyrTypbr nonyJrrquu.
flpnueprr 4aHuux no Ar4HaMI{Ke crpyKTyprl [plzBeAeHsr B nocJreAyrorqrrx fJ]aBax

@a6r. 1.1, 3.1, 3.3, 4.1).
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,{unarlrura uoxer 6rrrr u npocmpaHcmeeuuod, t<oraa paccMarpl{Balor crpyK- .

typsr nonyruqafi oArrofo BuAa B pasnrrx lrec]]oo6uraIl ax \4rr4 pa3rtlqHblx ycJro-

Br4rx gr(cflepr,rMeHra. Cpannenuelr raxllx crpyKTyp Ii cropocrl4 ltx I43MeHeHui 3a-

'rtrMaercx cpasHumenoaan denozpaQun tortyslt4uit, u gannoe noco6lre :HaKoMI'rr
IIIITATCJI' C METOAI4qECKIIMI4 I.II{CTPYMEHTAMI'I TAKOIO CPABHEHI4'-

$ 82. Cropocrb pocra nonyreqltlt KaK Mepa aganraqil]l

Ko,rucecreeHHofi xaparrepucrt roii oclxoi 4uuavuxx cJlyx(l'lr ee cKopocmb.
qro B HarrreM cryqae Ha3brBaerct cKopocmbrc pocma ustu y6uu'tu nonynrquu. B
coapeuennoii 6uonorun BeJr qlrua cxopocrl4 paclreHl.IBaerct lr.LK Mepa adanma-

9uu oco6eit x ycnoeqqlu o6rllraHl.rt. B npuvepe c oxtI.IAaeMbrM pocroM HacereHr'Is

3eunu x 2050 ro4y, rrpeArlonaraeMat cxopocrb pocra BbrtlrrcJlterct oqeBriAHr,IM

o6pason KaK Berrr4qrrHa 66m'mat, uev 2 trnpd.ven.lQ\5\ 2014) roa : 2x1oel36
qen./zod i 55.5 unu.qen.lzod, u cry)Kltr (oruqecreennofi rtaepoi nplrcnoco6.nenno-

crI,I qeroBeqecKoi pacbl K yciroBrrtM rlJlaHerbr.

B o6qeu crry,uae, xorga crar-flpHa.{ qucneHHocrr, IIJII,I rrJrorHocrr norrynnlurl, N(/),

sa{uxcuponanxax B MoMeHT l, npI.IHI,IMaer nonoe snauenue N(l + At) u ue4yroql'Iii
MoMeHT BpeMeHH I +Al, orAenelrH6rfi or reK)rulero MoMeHTa npoMexyrKoM AnI{Horo

n df, cxopocrr pocrautruy6wsnttastoM rlpoMexyrKe BblqlrcJrterc{ KaI{ orHorIreHI'Ie

LNI N led. qucneuuocmu/ed. spenerut],

rge ee;rnvuua AN o6osnartael npupa?4eHue qvcrerHocru, AN: N(l +Al) N(/). IIo
:uary eroii nenuvr.trrr (<<n:rroc>> unu <uuqyc>i) cyatr o pocre I'r:ru ybr'uru nofly-

Jr{q}rr.r Ha cooTBeTcTByIoqeM oTp*Ke BpeMeHI4.

V nonynrqzr.r c gracxpetrofi crpyrrypofi x(r) pa3MepHocrr{ z o6qat qI4cJreH-

uocrs -l(l) srrvucrrerct KaK cyMMa Bcex KoMTIoHeHT BeKTopa.r(l),

N(/): jrro) + jrr(r) + ... +x,(t):>xJO,

^ 
u3MeHeHue crpyrrypbr, r.e. pa3Hocrb AByx BeKropos Ax: x(t +Lt) - x(l), Irlcixer

r4Merb pa3uLre, eoo6rqe ronopr, 3HaKLl B pzulJu{qHr,Ix KoMloHeHTax Ar,. flosrouy
npzpoct o6rqefi uI4cJIeHHocrI,I rorryJrtquu

AN : N(r +^r) - ff(r) :l.,t l

MOXer OKa3aT6CS Hr.rqroxHo MaJrbIM Aa)r{e [pI.I 3HaqIrTeJrLHbIx u3MeHeHI{.fx B

crpyxTy.pe r(/), T.e. fipupocr o6rqei vucnenuocrll He Aaer ,{oJlxHoro flpeAcraB-

JreHr.i' o AuHaMrrKe rronyntquu c gr.rcnpernofi crpymypofi 14 IroToMy He MoxeT

cJry)Krrrb noJrr{qecrneunoii uepofi npl{cnoco6rleHHocr}I.

B noc:regyrorqrax r:raBax MbI yBLrAIrM, KaK 3To 3arpyAHeHI,Ie npeoAoJreHo B Ma-

Tpr{qHbrx MoAeJItx AI,IHaMITKII nOrIyItq}I}I.

1) y MareMaMKoB <npupaqeHl'Ie> Moxer 66ITb n orpr{qaretrqllM, re. nor<a:r,Ilam 16um'.
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$ 83. Fpae )K[3HeHHoro qrKra

rlro raxoe zpatp soo6rqe, o6rlcuxerca e flpu.roxenuu (cu. $n.6), a zparl lcus_
tleffirczo quKla (f)Kl{) oco6eia nonyr.srlux onpeAeJrer{Horo Br4Aa 3ro xparxoe
rpa$lrvecnoe npegcraB:teHr4e Hatrrux :naauii o rou, nax oco6u 4annoro eu4a pa:_
BlrBalorcq or po)KAeHuq Ao cMeprlr t4 KorAa npor43Bo.qqr rroroMcrBo. fXU croo_
ro corJlacoBaH c paccMarpr4BaeMofi crpyr<rypofi rorryJrrr.lr4r.l: ero eeputuutr lrutn
yszor) e rcolravecrBe n coorBerc
:rJr (u'aexc7 o6o.""""", ".u;;?i;:ff;liil1T,l;ll?ilJSiil+ I;ft ";:neHurre pe6pa nora3brBaror nepexo/rbr, KoropLre oco6r.r coeeplraror (r.r.lru uorur.r
6rr coaepll.trt) Me)nAy crpyxrypHbrMr.r fpyflnaMrz :a Snxcupoeannnu [goMe)Ky_
TOX BpeMeHI'r Al, Uazrrsaevrtfr epeueuupt tu utazo.ttt. Be:nrqzna ero ecrecrBer{H6rM
o6pa:ou cBr3aHa c xapaxTepHr,rM BpeMerreM pa3Brrrufl oco6l.r u cloco6oM MoHrl_
TopI{Hm nonyntqult: nn.q KpynHLIx MJleKonr{Tarorlr4x r.r MHoroJrei.HHx 3JraKoB. Ha-
npnMep, lxar iraoxer 6r,lrr pateu I ro4y, Ars r[qriHoK KoMapa B ,ra6oparoparrx
ycroBusx 1 cyrxav, g,ra 6axreplifi I .racy. Ilpuvepu rrlnoreruvecrux fXI{
4ra ronynrqr.tfi c npocrefinei aospacmuoi u cmaduinofi crpyKr.ypaMn AaH6t B
Ilpu:rorreHuu, na puc. 1f12, a li 6 cooreercrseHuo.

llpnlrep pea,rrnoro fXI{ npe,XcraueH }ra puc. B.1. fpa$ coc.raBJreH rro p*yrr6_
TaraM elKero/IHoro MoHI4ToprrHra B Teqeglle 6 :ret ncex oco6efi uesa6y4ovHul(a KaB_
xazcxoro Eritrichium caucosicum - MaJ'o,rerHero eu4a pacrenui a,rul,tiicxux nu_
rrral4Hul(oBrrx nycromeii Ha nocrorHHbrx uJrorqalKax. Hapagy c roclreAoBare;rl_
HbrMrI rrepexoAaMu B orrepelHyro crannro oHTofeH*a, Ha6,trogalr.rcr (xarc peanuzz
allafITar\ v K cTpeccoBbrM yc:ronu.rnr) !r ycKopeHrrbre nepexonbr va L.' gt 3a oArH

... - -.-.p --. . .

'::"""5-- 
"'a """""""""

i'',':--- / -\ '...i 'iffi rn-'1Pf,i9-;;@
/*k \--l\, s4 lD_-

\--r_-_-___-_------

llrc. B.1. l lKIl ne:a6y1o.rr''ta (a'Ka3c(oro t/lfrrahium catrcasicum: s 6a;rx ccu;ru n rr.vne,j ltolo;ne oco6ta (npopoc,r.r<lt r roueul;rtnrre pacretlrx), va _ Brpfr4rrr,rJlt lbre 14

B3pocxrrte iterlBe.t yl rtric pacTeur4r, g rerrepat,rltslir,Jc, gt _ l.eseparr,rBHbre R TepMu-
Ha'lltror, cfa/I'It{; Ilylr(T],lpHbIc cTpelxn _ rlpo/lyK4r,frl ccMrH; Xr.rprf,(oBb]e c].peJl
Kr.{ - ceMellrroe pa3Mrlo)KeHr{e (/Ioro(bcr, Beno!a i,, /{p., 2016).
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BBeAeHfie

ce3oH, r{ Bo3BpaTbr va F g, u 3aAepx(a B cTaAHflx va u g, Ha qTo yKa3brBaroT cd-

Monemru (self-loops) va tJ va u g lJ g. llapaverp Ha KaxAofi u3 crperroK, KpoMe

penpoAyKTr{BHbIX, o3HarraeT oTHocI4TeJILHyro acmpeqaeMocmb cooTBeTcTByrotle-
ro nepexoAa - Ty qacrb (Aorro) oco6ei ucxoArulei crpyxrypHoi rpyrflbr, Koro-
p;re coBeprxaror yxagasnr,rfi flepexoA. flapauerpsr penpoAyKrrr]u a rl , o3Ha.{aror
cpeAnroro flpoAyKrlr{rc xnguecnoco6ssx ceMrH Ha oAHo pacreHfie craAui4 grr gt
coorBercrBeHHo. I4rr.reuno IXI-{, xax Qopua:rrz:osaHHoe BbrpaxeHr.re 6uororr4qe-
cKoro 3HaHri.s, orKpLrBaer nyrb x nocrpoeHlrro uareuarrvecroI uogelu.

IIto6as. uameuamurrecKat :lz.oAe L nonynqqlru c duulpemHort cmpyxmt'poir

AolrxHa Haqr.rHarbcr c onpeAeJreHrl.{ crpyKrypui,rx rpynn :r- oco6efi e Ha6rronae-
voii nony:r.aquu (u coorBercrBylorlero BeKTopa crpyKTypr,r.9, a rarxte cocraB-te-
uux IXIJ (peamHoro Jru6o Br.rpryanruoro), orpaxaroqero .4aHHbre Ha6nro.lesrrfi/
3KcrrepuMeHToB urrih4 Aocry Hoe 3uauue 6uororlru 4aHHofo BHAa. A onpele:ren-
Hr,rfi Bbrure cMbrcJr flapaMerpoB |XIJ no:eo:raer n Aanr,HefiureM c$opMyJrupoBarL
cy'tt .modenu, Koropar 6yAer orutcr,IBarb n3MeHeHr.rr crpynryprr x(l) lonynruuu
3a o.{rrH BpeMeHH6fi urar, r.e. cocraBvrb ypaeHeHut epexo4oB, roroprrna 6yayr
rroAqlHrrorcr KoMnoHeHrbr r, BeKTopa .f(l+ 1).

Moael s lolyvaercl MampuqHoi. Kot4a cxcreMy 'rrwx ypaeuenwii yaaercn
npeAcraBr.rrb B KoMrraKTHoM BI4Ae c noMoulbro Marprrqrr, cogepNaqefi napave-
rpsr. [euorpa$uqecrufi cMrlcr napaMerpoB rroAcxa3brBaer u croco6hr ux Ko-

ru.{ecrgeuHofi oqeHKu no 3MIrI{puqecKuM AaHHLTM. Marevatuqecxr.re cBoicrBa
noryuennoil Marpr{r1;r (u:ru onpege:rennoro KJracca Marpr{q) - ri3BecrHbre r,r3 ,z-
neihtofi tLaze6pt't 14 meopuu Mampu4 Irkr6o 4o6srrr,re nyreM qeneHanpaBJreHHoro

MareMaruqecKoro vacre oBaHt4fr lo3BoJrqlor gorarr, o6lnre BrIBoALI o xapax-
Tepe ArrHaMr.rKrr BeKTopa J(l) Bo BpeMeHI4 H noJryqarb KoJrlrqecrBeHHbre xapaKTe-
plrcrnra noflynrqrrn, Koropbre BptA nu lroryr 6rrrr noryqeHbr BHe MoAe:rlr. Ecnlr
napaMeTpLr Monenlr yAaeTcr AocToBepHo orleHvTb no SMnupuqecKIIM .rIaHHbtM, To
Monenb npeBpauaercr B HalexHbtii rrcrpyveur cpaeuumenauofi deuotpa$uu -
cpaBHeHI{r KoruqecTBeHHblx xapaKTepIIcTHK AJI-'I pa3Hbrx JroKaJrbHBrx rronynrqfipr
vnv/ u pa3Hbrx y cjroBr.rii 3xcrreprrMeHTa.

flocregosarorsuocrb rraB B coBnaAaer c ficropr.IqecKuMl.r BexaMLr B pa3Bnrltl4
MarpurrHbrx uogorefi: or rrpocrofo Qoprr,ranuslra Jleoru g:u eozpacmuoi crpyr<-
Typr,I qepe-: o6o6qeHlre cmaduirrcfi crpyx'ryp6r c npozpeccueHdi4 xu3HeHH6rM

uuKJToM - K fXI{ c Bo3BparaMn u deofiuod crpyxrypofi (r.e. c x:raccurfunaquefi
oco6ei no geyu npusnaxan); 3aBeprlralo IHi naparpa$ nocBrrrleH nenltreinofi
MaTprirrHoii MoAeJrr.r KoHl(ypeHrltlu AByx BHAoB.

{rrl nyvnero ycBoeHl{t MarepuaJra crollr ocBexHT; cBo}r 3HaHrrr o Marp}r-
qax Ir rpar[ax. B flpnnoxenun npr.rBeAeHbr B cxarofi $oplre ueo6xo4r.rMbre cBeAe-

Hur H3 nriHefiHofi arre6pbr r4 reopr4x Marpuq, lr Mr,r peKoMeHAyeM qHTareJr{M, He
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EBeaeHue

3HaKOM6rM C 3TrrMr.l pa3IenaMrr ManeMaTE(It, Haqr4HaTL qTeHI{e AaHHOTO nOCO6rI'
r4MeHHo c llplrJro)KeHris (nepBbre 3-5 naparpaooB) x Bo3BparlaTr,c.{ K HeMy no Mepe
Heo6xoAl{Mocrli. llurarelr yBr{Arrr, KaK o4Hrr H Te xe cJroBa voryr o6o:navarr
pa3H6le noH.{TV r B pa3Hbrx oTpacJltx HayKH: HanptMep, qeKmop KaK optaHu3M-ne-
peHocqlrr 3a6oJreBanrrg, v aeKmop KaK crpor{a HJr4 cron6eq qucen nu6o cI.IMBoJroB,
rracrHr.ri cry.rafi uarpnqsr- flpn sroM noHsrltr-Te3xu Moryr Bcrperr{Tr,cr Aaxe B

o6n{eM ,4r.{ Hr4x KoHTeKcre, KaK npo}rcxoAlir co cneKmpoM MarpItIbI rl (Bo3pacr-
HrIM crreKTpoM) Ironyntqu[. 3a npnnu:rerurc qurarl no-pyccKit rtpnger.ct cNtu-
purbcr c rar{}rMrr oMoHuriaMlr, lr.alr. Harrpr4Mep, 6uonorr.rqecrnii aud (species) u eud
B craHAaprHoM ,qrr MareMarlrqecxr4x Bsrt(iraAot o6opore <$ynrqrr rpltHnMaer
rug (form)>.

Mo4enra rax4ofi l:raBr,I [peAcraBJreHBI cHarraJ]a B ux o6rleM MareMaruqecKoM
Br4Ae c onrrcaHrleM o6tqux cBoficrB, BaxHLtx Ars loHI.IMaHr{r p*yJrbraroB Mone-
Jrlr, a 3aTeM flpoannrocTpltpoBaHll KoHKpeTHLIMII npr]MepaMr4 nO 6Onr,rrrefi qa-

crI.I n3 npaKTrrKri uccJreAoBareJtbcxux rrpoexToB cauzx aetopon2). Conpeueuurre
MaTp[qHLIe MOAeJTX He MOIyT O6OfiTr,rCb 6el rOiralsrOrepubrx cucTeM BbIqucJIe-
Hlti qr4cJroBLrx u nopolo cr{MBoJrbHbrx, - Taxux, r<ax HanprrMepJ Mathematica,
Maple utm MATLAB. Eglruoo6pa:r.ra paAr4 M6r HJtJrrocrpr{pyeM Bax{Hr,re Bbrqr{c-
rI.ITeJrbHbre MoMeHTr,I n repunuax MATLAB3), Ho qr4Tarerb BoJreH ucrroJrb3oBarb
:rro6yro gocrynnyrc cucTeMy, AonycKaroqyro oneparlr4ri c MarprqaMr.r.

Cogepxaurae onpegelenufi, TeopeM, 3aMeqaHufi u sxcxypcon s MATLAB or-
AeJreHo oT nocneAyrouefo TeKcra cr4MBoJroM n. floc,regnufi fiaparpas KaxAofi
haerr conepNrar yrrpaxmeHlrr AJrr aKTvBHofo ycBoeHrr.{ npofiAeHHoro Mareprra-
,rat:rergouxoi * ormeqeHst 3aAaqu noBbrueHHofi rpyAHocr u.

') Ccntnxv Ha coorBercrByroulve rry6m,rxa4utL AaHbr B Br4Ae noAcrpoqHbrx npr,rMe-
qaHnr)i co cr.so:uofi Hyvepaqlrefi sHyrplr xaxqorl l,rastr.
)) https: / /www.mathw orl<s.com/ comp any/ aboutus/ contact us.html#Ru

11



r'|ABA 1. MoflEnI nonynflL[1,114
C BO3PACTHOI4 CTPYKTYPOil

$1.1. l-locrynarbt Monerr, rpaQ xrtrexHoro qltKra
t,t Marpr,tqa r|ecnn

tr{cropuuecxr.r nepBbre MarpurtHLre MoAeJm Ar.rHaMr4Kr.l nonyruqNfi c Ar.{ch?er-
nofi crpyxqlpofir) naela 4aro co crpyrrypofi sospacmuo*. Osa gognuxala lr
pas6uexut nonyJUrq[u Ha lpynrrhr oco6ei ognoro Bo3pacra, u3MepreMor.o B xpo-
HOJIOIUqeCKT.TX e,4I4HI4rIaX - rOAaX, IIeAeJr{X, IHrX U T,n. - B 3aBI.ICIIMOCTA OT Xa-
parTepHoro BpeMeHr{ pa3Bvrkra oco6efi, z maeHr,rfi nocryJrar cooro.flr B roM, qro
eAr.rHlrr{Er rtMepeHr{r BpeMeHu r4 Bospacra coBna.qaror c npeuenuiru uaroM Ar.
flosrouy Al : 1 z n c:re4yloqrafi uorraenr nperr,reHx (l + l) sce oco6u, BErxuBrnve
3a 9Tm npoMer(yToK BpeMer{x, cTaHoBrTcr Ha eAr{Hnrly cTapffe.

'!trryroe npuuqunlraJrLHoe AonyrqeHr4e MoAeJrr{ cocror.rr B ToM, rrro nce oco6r,
.{ocrr.rrlrrr4e MaKcr.rMaJr6Horo Bo3pacra v M eguuuq, noru6aror rt cneAyroqeMy
MoMer{Ty BpeMeHh. Telr cavr,ru onpelerqercr pa3Mepuocrr, rerropa nospacnrofi
crplroJrpr,r nofly:r fllglz.u, x: lxu x, -. -, xr)r, KoMTror]eHTr,r .x- Koroporo rroKa3rrBaror
pasMep 6o3p.1cmHozo rctacca2) i {i : 1,,2, ..., M s eAr.rHrrrlax qlrc;reuHocrr,r raJrr{

ruorHocru non)rrfl[tr{. Hanpzuep, e uo4elrz pa3Br.trr4r Jrlrr rHXfi xouapa Chironomus
riparius y sn6opuxtpttstxlcror'zss() fuf : I 7 4refi, a n rrao4ellr prsaM]dxlr gKcru)iarv-
pyeMofi noryarfrU&r cerepnrx onenef Rangifer tarandus tarandt#) M: 175) Jrer.

I4rat<, x,(t) - gro LtucnreHHocma (um.r nony:rlqilonHat rurcmHocmit Ha eAr.rHr4r{y

nnoulagr rnN o6r,eua) oco6efi eo:pacra i (i : 1,2, . .., A4) y tvtoueHr l. Ecru Aonro
oco6eii rospacra /, BbrxuBrnrrx 3a oAuH rrrar no BpeMeHx x fiepeueArnr4x B cJreAy-
rorqufi no:pacruoii rnacc, o6osnauvrs s, (rcosQfuu4ueum docrcumun), ro pesyJrlTar
crapelzr oco6efi na oAHy eAr4qr.rqy Bo3pacra 3anr4cbrBaercr HecroJtbxxMlr rlpo-
crrrw (:rr.rsefinrrMq) coomoItteHlrti\4Iz:

x2Q + l): s!t(t),
x.Q + 1): srxr(t),

xr(t+1):s^x*,Q),
'J CeqguBaror co crmLrMu PH. Leslie (1945, t 948), xorr [o3Anee o6napyrxz.nrcr u 6oJree panrl{e
ny6rnrarplr c MarpFrHhrMr.r uoAeaav u : BemarDelli. I 94 I ; Lcwis, | 942.'
2\ Uau eol,pacntolfi zpynnat.
3) Lopes et a|.,2005.
a) 9erenn, 1988.

') t{acro c,ryraiuoe coBna/'IeHre.

12



51.1, nocryrarbr MoAeflx, rpa$ x[3HeHHoro qllKfla 14 Marp!4qa llecnfi

:.rEr

:NTC ]FT-
:__t tI3

: r-lo_

:: \a-

Pr4c. 1.1, l)KU Aetatis hypotheficQ. IIotcHeHr{{ D reKcre.

IIJII4 OAH]IM O6O6TIEHH6IM:

.r,.,r(l + 1):s,x,(/), i:1,2,...,M 1. (1 1)

,{onycrlrrr,r, Harrpr.rMep, qro oco6n Hexoroporo rl4rlorerlruecxoro BzAa xI'IBor-
Hb\x Aetotis hypothetica npoxo,4tr B urrKJIe pa3Bllrtrl'I 5 nospacror, Aocrurat 3pe-

Jrocrr.r B Bo3pacre 3 n repxn pe[poAyKrnBn]To cnoco6nocrs B Bo3pacre 5, noc:re

Koroporo Bce oHlr noru6alor. B gannolr cnyrae M:5 u fXI{ aufiIt,wlT KaK noKa-

3aHo Ha pr{c. 1.1. Ecnz eocrrors:oBarr'c.t npaBuroM yMHoxeHxt <(crpoKy Ha croil-
6eq>>, ro coorxoueuur (1.1) uoxno 3arlucarb B BeKTopHo-Marplrvnoii $opve:

E(r +1) = 7-r(r),

rne Mampul4a nepexodoe T ulreet cnequiulbHoe crpoeHl4e:

po o o o ol
lr, 0 0 0 0lI:lo s, 0 o ol

lo o sr o ol
l-O 0 0 s. 0J

(.r 2)

c xoe$$aqueurarar4 Ao)K4TItr Ha nepeofi nodduaeonanz, a ra.no'rra e o6o3HaqeHl{x

setrona F.

X(r + 1) : 10, x\(t+ 1),..., x.(r+ 1)1', (1 3)

),'Ktl3hrBaer Ha ero HerloJrnory B nepnoii nollnonenre, rAe AoJIxHa 6sr:ra 6lr cro.f,irs

qltcJreHHocr6 nepnoii ao:pacrHoii rpynnn, T.e. nonorHeHl{tt flonyJU{uux, cocrotB-

IIIeroc{ 3a eAI.iHItIIy BpeMeHI,I.

flonoluenlre co:4 aro't' oco6r4 penpodyrcmueut'tx zozpacron - o6osaavulr 6yxeoi
a (or adult) ropx4xoer,rf HoMep qaMoro MrlaAlnero, a 6yxsoi f (or finaf cauoro

craprnero u: ur.rx (acno, *ro a 1f ;y Aetatis hypothetica q : 3, f : 4). Totga no-

cmpenpodlxmucubre Bo3pacrHl'Ie KraccLI - ecrll oHH ecrt', ro f< M, - noqrualor

norr.repa / + 1, ..., M. Oopnra:rsHo 3ro o3Harlae! qro Bo3pacTHocneqtr Qnvecrre
ttoetpQtuqueumt t potcdoe.n'tocmu b, br, , . ,, b rttottoxureJlbHbl ToJIbKo B AIlaJIa3oHe

Bo3pacroB or a ,{o/(ro:rsxo s no:pacre 34 y Aetatis hypothetica), a BHe 3rofo AIr-

ir{- :lo

!r:;IE-

fr

uf:
;'E
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fnasa 1, MoAefl nonynrufir4 c Bo3pacrHoi crpyKrypoi

ana3oHa HyJreBbIe. flos:rouy clr{Mapuuul qltcreHlrocrr nonorHeHfls crr poanre,rei
BCex penpo.4yKTr4BHbrx Bo3pacroB ecTb

x,(t + I): b"x"(t) + b.r,x.,.,(t) + ... + t4r(t)

x,(t + 1): brxo(t) + boxoQ)

y Aetatis hypothetica.
3fl1coo rolxenlr.r BbrtBJrrror roqHblfi cusrot napalrerpos b. br, ..., b; ttto6oi.'t

us uux, b,, rroKa3brBaer He npocro cpeAnee ql{cno rIoroMKoB Ha o.4Hy po.4aren6-

cr<yro oco6r no:pacraJ, a.rucro BIIltI,IBIITrlx It3 HI.IX ]t florroJrHlrBlrrllx Bo3pacrHylo

rpynny l. flosroMy 6onee xopperrr*rM AIII 3TI4x napaMerpoB tBrterct repMI{H

rcoerppuqueumu penpodyruquu. Bryne c xoerpQnqueHTaMu aoxlrrl{t ltx Ha3hIBaIor

deaozpaQuuecrcuuu napa.Mempaaru (vital rates).

Ko:$$r.rquenpr penpoAyKqnv, xar I-r goxlrnza, ygo6no opraHlr3oBarb B orAenb-

Ir]'ro Marpr{qy F (fertiliy), y Koropoi roJlbKo rIepBaJI crpoKa lrMeer HeHyresble

a:relreurrr cpe4ra D ,, br, ..., b r, auatcex ocraJr6H6IX Mecrax crotr HyJrI,I. floorouy

ba b2 ,.. b*r_'
003

0s.'-0

(1 s)

n o6rqeu oqzvae, lr

(1 6)

y Aetatis hryothetica.

I4 naronerl, AonolHrf, nepByro KoMrlonenry nexropa F(t + 1) ( 1 .3) ql4cneHHocrr,Io

x,(t + l) nepnofi rospacrnoii rplmnLl, Bblp&l<aeM coorHolueulu ( 1.1) ll (1.4) r sex-

ropHo-MarpusHoi OopMe:

x(t +l) - (T + F)x(t): L x(t), (1.7)

rAe Marpr4rla tepexoAoB T u nampuqa nnodoeumocmu F onpegeleuu s (l-2) u (1.5)

coorsercrBeliHo. B c),\rMe oHu Aalor 3naMeur'rrpo.uampryy JIecnu (Leslie) Am fiorry-

Jrrrlr4r4 c Bo3pacrHofi crpyrrypofi; ueuyrleBble 3JIeMeHTbI Iuarpur6r Jlecrm pacnoJroxe-

Itbr roJIBKo B rreDBofi crDoxe a na nepBot floA,ryIaroHaltr{, TaK qm oHa li]veer BEn

B

n o6l1eir,r c:ryvae, unu

(14)

(1.8)

B

6
A

T]

H

T4

H

n

BI

r,l
sl,

I

OJ

l0 0 &" bu 0l
l5 0 0 0 0lr:l* o o o ol
l0 0 0 0 ol:0n000r

II
H

n

fi

x
M

L00

b2

0 ..'
rb.
l'.

z:l o

t;
52
:..
0 .'- sv-r o
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51.1. flocrynarbr MoAefl[, rpao xr,r3HeHHoTo u!4Kna u Marpuqa rlecnLl

B o6nleM cryqae, nrn

(1.e)

A]'.x A etatis htpothetica.
Cneqr.ra:uroe crpoeHrre Marpl.ltrrl Jlec:ru lroxno Bblpzl3lirr, <<crpyr<rypuofi>>

Qopuyrofi

Jo o bz b+ 0l
lr, 0 0 o 0lL:lOs2000l
lo o s: o ol
lOO0"n0l

bt ...

sro
bM

0

f,==&-TEIO
,: : B BeK-

( 1.7)

- 'irr (1.5)

' 
Iu no[y-

-!:!*IlOIO){te-

- BI1I

(1.8)

Leslie : (r .10)

0 su-t o

r xoropofi ).KpynHeHHbIe cHMBoJlbI (B AaHHoM clyvae Hyls) obo:uaqaror ue,'lute
6:rorra Ias 3JreMeHToB noAxorsqefi $oprru (n AaHHoM cnyqae rpeyro:nnofi) r co-

Aep)KaHr{r (r qaHnovy c.ryuae u: ny.tefi).
Eqe o4uu nocrynat" (aemonoauoii) Ir,logorr.r Jlec:rrl cocroar B ToM, qro 3JIeMeH-

rsr lrarpuqsr Z ue u3MeHrrorct co BpeMeHeM. Ovesz4Ho, oH nporltBopeqlrr pearb-
Hocrlz, KorAa AlrHaMr.IKa nollynfqtrl4 xMeer, Hanpl{Mep, cesonHrtfi xapaKTep t{n]{
rrcrrbITLIBaeT BJIIrrnue naxoro-ro $aKTopaJ I.lMenuefo TpeH.4 Bo BpeMeHu. A:rltep-
narrnoii cllrxar uonell4 rrcaamoHotttttbte, T.e . c 3aBtrcr4Mocrblo AeMorpaQuuecxlrx
flapaMerpoB or BpeMeHr4, - oHI{ pacclrarpunarorcr n f:raee 3.

E;raro4ap.r llocro.rucrny lrarpuqrr Z no rpevenu (r.e. aemouourncmu uogenn),

X)aBHeHr4e (1.7) r.rueer npocroe pelleHl4e, Bbtpa)Karorqee crpyKrypy x(l) qepe3

nexropx(0) HarrairbHoe 3HaqeHI{e crpyrr)pr'I:

x(t): Ltx(0), t : 0, 1,2, ... (1.1 1)

tDopnryla (1 .1 1) r:racur: -rto6rr no:ryqfirb crpyKrypy noryrtuuu qepe3 I maxoB

no BpeMeHx, HylrHo HaqanbHblil eerrop(-cron6eq) nocnegoearelr,Ho )MlIoxI4Tb
Na uarpuqy I (c:rena) poeuo t pa3, unr4 (uro ro xe cauoe) nosuecrz Z B creneHb I
r{ }MHoxr4rr, pe3ynrrar ;ra nercrop x(0) (cnpaaa).

Ilpuuep 1.1. ,{onycruv, Hac r4Hrepecyer cygr6a 100 oco6eii caMoro Mnaarle-
ro Bo3pacrHoro $Jacca y Aetatis lrypothetica, T.e. noBeAeHrre HatranbHozo Berrop
x(0): 1100,0, 0, 0, 0f, n 4eyx lrecroo6r'naHrrsx, rAe pa3rlltqalorct ycnoBl{s Bbl-

)KIrBaHr4r v pelpoAyrl-Ir{u }I coorBercrBeHHo pa3rrFIHI'I 4euorpa$uvecr<r.re napa-

rrerpr,r. flycm coorBercrByloql4e Marplzqbt paBHbI

t- (1.12)

0021trl
]/Za {t * 0l
s 1,/1 0 0 CII.

0 0 3,/5 0 0l
* 3 I u3 0..1

s01z0l
1,/? o o s ill
o 4/s o o 01.I.-
001/:o0l
0 0 I 1.lr? 0l
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Mecro-
o6zraaue,
MaTpr4rIa
Jtecnl'

MoMeHT BpeMeHu /

0 2 3 4 5 6 7 8 9

1,
Ll

r,(r)
xr(t)

tr(l)
xa\t)

xr(l)
ff(r)

100

0

0
U

0

100

0

50
0

0

0
50

0

0
40

0
0

40

40

0
U

20

0
60

40

20

0

u
l0
70

0
20
t6
0

0

36

16

0
16

8

0
40

8

0

8

4

52

l6
l6
6.4

0

4

6.4

8

12.8

0

30.4

2,
L2

xlt)
x2v)

.r^{ t )

xo\t)

x5v)
N(r)

100

0
0

u

0

100

U

50

0

0

U

50

0

0

50

0
0

50

100

0

0
30

0
130

30

50

0

0

i0
90

0
15

50

0

0

65

100

0

t5
30

0
t45

60

50

0

9

10

1,29

9

30

50

0

3

92

100

4.5

30

30
0

164.5

anaBa 1. MoAenr nonyngqhu c Bo3pacrHofr crpyrffypofi

(B npaxruuecxux cnyqa;rx fiapaMerpbl oqeHr.rBa]or rro JrxreparyprrblM AaHHLTM

stu6o rcanu6pynm no AaHH6lM gKcnepllMeHTa rar, qro6hr Moaenb Bocnpo 3BoAI{jra

Ha6nroAaeMyro Ar.rHaMrrKy c MnHrrMaJrsubrMlr orun6xaMri.) Mogelr,uar Ar{HaMrzKa
gnlx lolymqnfi Ha 9 rlrarax rro BpeMeHLI [peAcraBreHa B ra6r. f.i. 3aversu xo-
ne6aHHr rixcneHHocrei pa3Hblx Bo3pacrHr,Ix fpynfl rr c]'r\4MapHoi uucreHHocru B

KDKAOM MeCTOO6VTAHUr4, rl eCnI4 B [epBOM r{3 I]}rX norryJ]{ll}r.rr B qeroM y66lBaer,

ro Bo BropoM B KoHqe r(oHIloB pacrer' n 
Ta6nu4a 1.1

,{nnarrrur<a nonyrr .,,,.,vr Aetatis hypoth"ti"o u puy* *.":^oo6nranu.ax uo Sop; , t . ; ,
rcrtrnonenru xr(l) (/ : 1, . . ., 5) ner<ropa crpyrrypu x(l)

u cyMMapHa{ qncreanocrt "N(r)

Taxofi xapaxrep uoAeJlbnoi .quHaMI{KH Mo)IrHo rrpeAcKa34Tb no 3aAaHH6IM Ma-

TprrrlaM u He nplr6efar r{ 3b1q}rcJreHr.Irc rocJreAoBareJrbHbrx BeKropoB .x(l). OH

onpeAenseTc.f fio cneKmpy M2trpuqsr - ria6opy ee co6cmeeuuttx uucur (cu.IIpu-
rroxeHr{e, $n.4-5). Cnoficrsa cneKrpa Marpl{qbr orHocsrcr K irlicny ee (bynAa-

MeHTaJrbHbrx cBoficrB, Koropue paccMarpuBalorct B cne.qyrcnleM naparpaQe.

$1.2. CeoftcrBa Moflerx c Marpuqei I|ecnr
Ecmr Korpr.recrseHHrre 3HatIeHLrt 3JreMeHToB Marpr4qbr I ( 1.9) Nseecrnr4 m ypan-

nerme ( 1 .7) (npoeq pyen crpyrcrypy norryntqrz r reEnqufi r.roMeHr BpeMeHLr Ha

oAuH lrrzrr BrrepeA (xax ero cgenauo e Ilplrvepe 1. 1), u nmouy varpuqy Z Ha:i6IBaIor

npoextluotutofi6) uru npoen4uouuoti uampuqei notqnmruu (IIAAI\.Ee MareMarl{qe-

6) ?to Ha:saune r<ont|mlrryer c arlallorttqnr,tM TepMIlHoM B Teopulr Marpv4 rae npoex\uoturoi
Ha3HBaK/r Maq)[rry ,4, xoropax o6lagaer cooitcmou A2 = A; Ao6aB.neI{Ke B TepM[H cnor* nonyrt4uu
rlopvamno cnacaer cnryaqno or xonQ:rl.rcra- B 4annou noco6nl pevr, BcerAa nger o |IMII.
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lra r::i. Ou

a. :x- Ilpra-

ry = ir1'x4a-

!p.L:a0e.

r
E; ro ypaB-

t :ft\(eHl{ Ha

r Z -a:rIaaloT
xfre\IaTI{qe-

a 'ape&po ou
-_1:13. nO yjttqutl
:l\tn.

51.2, CBoicrBa MoAefl/ c MarpLluei Ilecn

cxr4e cBoiicrBa - lt B oco6eHuocra, ee cneKmp (Ha6op co6creeuulx uace:r) onpe-

AeJUrror xapaKrep Ar4HaMxKI{ [OnyJUIqUOxuOfi crpyrrypEl x(l) Bo BpeMeHu'

Cnenrp :lo6ofi reagparnoii Marpnqbl4 - :ro ua6op ropneii ee xapaKmepu-

cmuqecKozo MHoror{JreHa (flpluoxceulle, $ .5), a cneqllanbHoe crpoeHlie Marpl4-

urr Jlec:ru (1.8) uo3Borter Bbrnucarb ee xapaKTepllcrl4secKoe )QaBHeHv e B cneAy-

rolreM KoMnaKrHonr slire (AJq vacruoro c:ryvar (l'9)):

1,5 - )"2s, srD, i).. s,srsobr- 0. (r.13)

3gecr orcyrcreyror qlenn c 4-ofi u O-ofi crenenrro 1,, nocnollr<y cire4 varpn-
qu (1.9) paneH 0 (tr, : 0), a AerepMriHaur Hyneeofi ras-:a na:ruuul n .L Hy:renoro

cron6qa; roe$$uullenr npr.r 3-ei crenenu l" ranxe paleu 0.

llpnuep l.l (npodonrcettue). Cnelcrplr r'rarplq I, u Lt (1.12) Bbrtmcru{ror Kax

KOpHH xapaKTgprlcrr4qecKrD( ypasnenr.rfi (1.13) c coornercfBlTotrlnMlr qI{CJIOBBIMLI

3Har{eHrrMrr KosOOrfl+reHToB. Ecrrlr s resoi uacru (1.13) BbIHecr]I 3a cxo6ru'l I, r'e'

HcK;rroqarl H\JTIeBofi xopenr', rc e cKo6r<ax octaHercs lpannewre 4-oi crenet.lv' auz-

Jlr.rrrrqecKoe perrellue I(omporo BechMa rpo.uo:gno. Moxuo I4cKarr' ocrarlshle (opHr{

Bbr q ficlr4TeJlbrt'rM r.r l\lemAaMJ'l x-lll Bocno,Tl,joBarscr craHnaprHoi'i npouelypoi e ao-

cr}flnofi cucrel\ae nnuucleuldi, HanpllMep, eig(,t) n cpele MATLABT)' Peqnrran'r

arrvucneHr.rfi rpe4craueHLl HIDKe lI )mop.sAoqeHbl o y6rrsaruffo a6comorxofi Bem'I-

ueHrr (xounrexcuoro, noo6rqe ronopr, wic:ra).

L(L,): {,, A,,3' Ao, 
^5}: 

{0.9384, -0.1576+0.8119i' -0.6231' 0};

L(!-,): {)", 1,,3' A4' 15J - {1'0848, 0'3961 +0 0'8877i, -0'2921' 0}

Cornacno o6ruuu no:roxenutM, c1aaMa ruITI{ co6crBeHHblx qucen paBHa Hynlo

(c rouuocmro go onrn6or< orpyrnenul), r.e. ny:reeouy c-'zedy uatpuq (1' 12); uyllo
paBuo r4 rrx npoI43BeAeHI'Ie, T.e. tyxeuouy onpedanumeuo rr'atpn4 (1'12)'

Brzgno, uro cnexTp Marpullrl pa:uepa 5x5 coAep)KHT poeno 5 'rucel, rpn u:
roroprrx geicmr.rreJrbHlle, ocralnrue (2,,) xoMnreKcHo-corrptxteuHble - LMeHHo

oHn lapaHTllpyIor rore6are:nr*rfi xapaxrep uogorr'nofi AuHaI{llxu' KorAa s cnex-

Tpe npoeKquoHHofi uarpuurr KoMnJreKcHo-conptixeHublx rrucer Her, ,wlHaMlllta

x(l) noc:re necxo:rb(ltx rraroB 6yger notnmonna, T,e. He 6yl\er ucnblTblBarh KoJIe-

6auafi qnclennocru. 3arrernlt taxxe, 'rro lr(Zr) < 1, a )'r(Lr) > 1, - lr ulteuno ola
ycJroBrit rapaHrltpyror y6ull avnlru:ry4n ro;re6anr'rii nonyrrquu c uarpu\eit L ru
ee pocr y nolyntiqnu c lrar:prlqei Zr. I

Ha,ruulre e cnercrpax uarprau Z, u I, noloxnre:rsuru wrcel l,', douuttupynt4ux

no MoAyJrIo HaA BceMI't ocraJIsHblMIl, ue c:4ruafiuo, a rapairupoeaHo $yrrgaMeHTaJlr.-

nofi reopeuofi fleppoua-Opo6eH[yca, cnpaBeAnuBoil 4m ecex Heorp]'Ilarerl']Iblx

KBarxparHrrx Marpuq (flpmox<euue, $fI.7). lluc:to )"' > 0, n cnoro ovepegl' mpaurl4- .

pyer oflpe4eneEuoe rIoBeAeHIre rpaerropur'r r(l), xorga t cmpeuumcn rc 6ecKoHevtto-

cmu (t -+ oo), - na :roll ,{exX)HoM HalpaBJIeHIiI'I MareMaru'rec(oil mrc:ru Teope-

7) Aafiec ro rercry <Matl.ab> o3]Iaqaer crcreMy Bt I'rucleuNi, ,4ocrynHylo '{T 
'rarenlo, a Matlab

6e3 xasHqer op{.tl[arr,Hylo crlcroMy MATLAB .
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fnaBa 1. MoAenfi nonynql{14r4 c Bo3pacrHoi crpylcypom

Ma fleppoHa Opo6eunyca npe4nucblBasr eqe u cyrqecrBoBaHue noroxuTeJr'Horo

cn6cmeeuuozo eeKmopa (IlpraloxeuNe, $II.4), I > 0, o'reeuarorqem co6crBeEHoMy

uzcrSt 1,, > 0, re. y4onnerropsloqero ycnoBl'llo Lv: Xrv. Oxa3unaetc.rs), c pocmM

I HanpaBreHrze aer.topa x(l) npN6nnxaerc.r K HanpaBneHltlo v > 0 (n npe4e.re npa

I -+ co o6a HanpaB:renrar corna4arm). Touuee u $opuanruee,

x(r), -_ -+ (1,,)' x*, (1.14)

r4e eercrop r* > 0 .ssr.xercs co6crBennrnu 1:rn 1,, > 0 (I4 ero roxe Ha3blBanor doittu'

uanmuuu) c ,qJrr,rHoro, 3aBlrctulefi or uaua.nrnoro x(0). tr{Nsruir c;roBaMrl, AUHaMI'I-

xa x(l) npz6:rnxae'rcfl. K zeowempuuecrcony pocry (uml y6rnu) c noxa:ate:relr ).,, t't

noroMy [peAeJ J(1.) ecrb

1co, 
ecaN,i, > 1,

lim .r1r) : l:', ec.n" A, = t,t'B [o, ecnu .*" < r.
(1.1s)

Taxzu o6pasolr, AoMrrHaHrHoe co6crsenHoe uucno 1,,(Z) rpoexqnonuofi lra-
rpuqr,r .t errcrynaer Ha,4e)I{HbIM rrHAr{KaropoM pocra/pannonecur/y6rnl4 Mo,qeirL-

Hot lonyrrquE.
Allanomqnula uuduramopur'w csoicmeou o6naAaror v Apyrure $ynquu na-

paMerpoB Mogenu, Ealpl4Mep, r[yrrqrza

R,(I) : s, s,6, + s, srs., Do (1.16)

ln.r va:rprqrr (1.9), rul.r e 6olee o6rqeu eu4e,

Rt(L): br+ stb2+ sts2b3+ ..- * s,sr...s,-,b, (1.17)

AJrr Marpr{r{br (1.8). 3nauenue utdurutmopa R,(L) pacno:roxeno na quc,roeofi ocu
orHocr.{TeJrLHo 1 (n clrucle <, : uru > 1) ncerga rar xe xe, xax ll l,(tr), a esrur'tc-

Jrr.rrr, efo rro 3aAaHuofi Marplrqe Z ropa:,qo npo[1e, qeM ee co6crseHHHe qficra.

flo.neseN nuguxarop Lr B I,IHbrx npunoxerr.rxx (cIu. Vnpaxtneaue 1.8).

B cxoAuuocrlr (1.14) u nn,4raxaquu (1.15), HapsAy c lr, BaxHyIo ponb Itrpaer
yt douuuaumuotfi rerrop x*. Hecrrtorpr Ha rpr{BI4aJI6HbIe (0 una co) npeAenbr B

( I . I 5), aurrnlnronrqecKoe (r.e. rrprr t -+ co) noaegenue x(l) BronHe onpeAeneHuo,

ecnu paccMarpuBatr ue a6corrorgbre, a mHocI4TeJrbHbIe qlrcJleHHocru rpynn (n

Aorsx uru %). Ilycrs N(t) o6osuataer cyuuaptyn qucneHHocmb nonyJrtr\url' T.e.

cyMMy KoMnoHeHT eexropa x(l), a x* BLIpDI{eH B orHocI4TeJIbEbIX e,4IlHI4rlaX. TOrga

npe4e.r (1 .15) lto4a{tuqzpyercx x rn4y

gffi:* (1.15)',

He3aBnct Mo or SHaqeHHt 
^r.Ilpnuep l.l (npodontreuue). Ta xe MAILAB-tfyHxriur' eig(L), qro Bbrql{c.-

:r-f,et co6ctseHHlte qucJra 3aAaHHoi Marpnu;r, [peAJramer I{ coorBercrBylorl{He

rzu co6crnennue ner<ropr,r (nenopur'rponauue), cpe.rlr Koropbrx rrac nuTepecyer

BeKrop, orBeqarcqri ),,,, - o6osnavrzv ero e. r{to6rr u3 BeKTopa e nor} IHTE BeK-

3) 
,4oKa3arolacrBo cM., nanpuMep, CnupexeB, IoroOEf 1978, $II.5, untr Irgofe! 1993, $2.ll.C
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51.2. CBoicrBa MoAenr4 c Marp qeri flecflfi

i:i:e-lbHom
L-::ennolrry

' - ,- pocrolr
It:3re npu

t.l4)

Elr:: Jo,vu-
t- l=a\tH-
m:-:lt 7,, u

..15)

brFr.-: ii \ra-
D {,::3"b-

Fl i,.a :ia-

"f
€
a30
g

5,:

*:l

._6)

. -.r7)
af,i:tsr--;'i ocr4
,r-::!{qHc-
tr6iL' dICi'Ia.

r:Iii irpaeT
Tf-J:E-]bI B

IE:3.-ICHHO,

r :ppn (e
,T;{IllII, T.e.

( l.l5)'

TO BI,IqUC-

L-TB),TO Iue
Hrepecyeu
,NTHTb BEX.

2.lI.C.

| 1 
rtu,,"1, uo.rp""?.x ,pyun" 4 5

Ptrc.l.2. dleBocroposHr{e clle('tpbr> paBrroBecHbre crpyKTypbr \'torryJtjdr\ h Aetatis
hypothetica c Marptr\aru I, uI, (1.11).

rop x*, ttopuupoaauut ti yctonuew llx 
* 

l, - 100 (flpruoNeulre, $fI.2), gocrarouuo
Bbtqtrcjlr{Tb cyMMy ero KoM[oHe]r! pa3AeJraT6 Ha Hee Ber{rop u u yMHoxrlTb pe-
3ynbrar Ha 100. B repnruuax MA|LAB sro srrwlc:reHrie 3aAaercr BecbMa lpocro:

>> e/sum(e)+ 100'),

u (roore oxpg:reHr4{ Ao Aectrr,Ix Ao:reii) govnnaurnbre B€Kropr,r Marpuu Lru L"
nprrHI4MaIoT BI.'A:

x*(2,): [42.4, 22.6, 19.2, 10.3, 5.5)t;

x"(Lr) : 145.6, 21.0, r9.4, 10.7, 3 31r,

- c xaparrepnbu npeo6flagarueM Mira.qrr]4x Bo3pacrrihrx rpyrm 14 MoHomHnbrM y6br-

BaHrleM AoJru c Bo3pacroM (puc. 1.2). fIpN:rou y pacr)'rqefi norDmrr1rlr4 4o:u cavoii
\rnarurefi lpymbr Bbrue. a rtogrpefipo.q/r raBHoI urxe. veu y nony"'uur,ur y6umatoutefi.

Ta6n. l.2 ulrrrocrprlpyer cxoAuMocrb K npeAerry (1.15)'. Buguo, urb y o6er.rx

varpuq Z, u Z, tcolrnoHenru orHocI{r€JI;Hoi crpyKTypbr .r(l) xorx u r<o:re6;rrorcl

') f lolyNraprrr,rii rnpirtlr ll xypore re no4Aepxl4Balorcx B KoManlsoltr ot<rre MAfLAB.

(1.18)
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/y'(l) cynmapnarurclreHnocrb

Mecro-
o6HTaHlte,

MaTpnua
Jleclv

MoMeHT BpeMeHri /

0 1 9 l0 11 23 24 25

1,

Ll

s,(t)

sr(l)

s3(l)

ra(t)

s'!r)

N(r)

100

0

0

0

0

100

U

100

0

0

0

50

2t.1

26.3

42.1

10.5

0

30.4

52.2

8.7

17.4

t7 .4

36.8

50.8

25.4

6.8

8.5

8.5

37 .7

39.1

24.2

22.2

9.5

5.0

15.1

42.9

20.4

20.2

ll.6
5.0

14.5

44.7

22.2

16.8

10.4

6.0

14.0

2,
L2

s, (t)

s2(1.)

r,(t)

so(t)

sr(l)

N(r)

100

0

0

0

0

100

0

100

0

0

0

50

60.8

2.7

18.2

18.2

0

164.s

s2.2

29.0

z.o

10.4

5.8

172.5

20.'1

34.4

3 8.3

2.1

130.7

25.4

17 .6

9.3

4.2

437 .5

42.2

20.7

24.1

'i0.0

2.9

460.6

49.4

17 .9

r7 .5

12.3

2.8

542.9

l-naBa 1. MoAeriu nonyngu rl c Bo3pacrHoi crpyKrypoi

Ta6nwp L2

[lrnarr,rara olroclttenruofi crpyrryprr s(l) uonyrrqnu letatis hlpothetica
(r oZ c rounoclrro go .qec.,rrbx): (oMfloHeHrH rj(t) : t 0}x,(t)N(t), i = 1, ..., 5;

IIo BerHqriHe, r{o [p]r6nExaloTct K 3HaqeHrrtM (1.18), rorla xax cyMMapHat qfic-

reHHocTb, KoJre6JUIcb, rreyKnoHHo y6LIBaeT uJrr{ pacTeT cooTBercrBeHHo. .
Otueqennoe BbrIIJe cBoicrBo douuuaum.uozo seKmopa rroq II]JIo Ha3BaHte

(OreBocropoHHt4 fi crlercrp>, puqeM IloA ((crel(4)oM)) 6r-ro:roru tlacTo noHhMalor

trl1:e{]ilo omHocumenbHyn cmpyqmwy nonyntquu (xoropax n (1.18) alrpaxena n

'Yo), ane cnercmp rtpoeKul.IoHHofi MarpIrItrH KaK Ha6op ee co6crBeHusrx qr{ceJl, qro

[p]rrurTo B Teopr4t4 MaTpr{rl I1 AaHHoM noco6uv,- JIeqocmopoHHtn crpyl{rypa pac ry-
nllrx nonyntul{f Ha6rrcnaerct B peaJrbHocrt4, a rre roJrbKo y rllnorerlrllecKl4x no-
nyffrqi{fi. Moxso noxasalr, qro JreBocropoHHliM cBoficrBoM o6naAaer rlepponoB

BeKTop Jrro6ofi Marpr{url Jlecnu, r.e. Marpr{qLl crpoelrurl (1.8) npu nlo6blx Aony-
crrlMhrx 3HatreHr.rrx ee 3reMeHTOB, KOrIa i"! > 1 (crnl. vnpaxuenvt 1,.11-1,,2).

IpnnevareluHo. rrro orHocnreJlbHat crp)nrD/pa MoaeJlbHoh nonyrflut.rt,t cxo-

Arrrcr c pocroM I x Beroopy.r*/llx* ]1, nesaer.rclrlro or roro, pacrer J(l) I4nra y6srna-

e! a He ronbKo npfi cneqllaJrLHoM - Al,IAaKTr.rqecKr] yAo6HoM Bll6ope HaqaJlbHoro

Bercopa x(0), KaK B lIpr.rMepe 1.1, no ra npu nlo6oM t(0) > 0 (-r I 0). Tax nporzc-

xoAar 6narcAapr MarpHrIHhrM cso.ftcreaN{ Hepa3noJrcuivocmu u npu,MumuaHocmu,

xoTophre paccMaTpllBalorct B cJleAylonlfix piBAenax.
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51.2. CBoricrBa MoAen c Marp!4qei Jlecfll4

TaAru4a 1.2

::::lica

]lt:nHaJI qI4C-

t-r, --
r -1 Ha3BaHV e

] NOHI]MAIOT

Bbrpa)KeHa B
\ qltcejl, qTO

,r-T}pa pacry-
IiTIECKHX IIO.
x neppoHoB

io56rx Aony-
l-i2).
!--ltqult cxo-
lrr.Ir.r y6brBa-

HaqalbHoro
Tax npozc-

tmuaHocmu,

Hepaenoxruocrb Marpuqbl rlecnll

@opva,rr,noe onpeAengHl{e Hepa3Jro)K}4Mocrx KBaApa roii MarpI{IIbl AaHo B

IlpruoxeHru. $fI.6- a npaxru.recKat npoBepKa lroro csoilcrea ,ant 3anaHHoi Ma-

Tpriqbr onlrpaercr Ha npl{BeAeHHbtfi rau xe r<pzrepufi: Marpdua I]epa3JIo)Ifl'IMa

TorAa It rolr;(o rorAa, IOrAa accolrul4)oBaHHrii c nero oprpa$ sBrllerca cuttbllo

cBtrsHbLvt, r',e. 4:u nro6oii flapbr BepruiH uMeerc.s op[etTltponaxsrri:i nyrb) BeAy-

rqrzii lrg o,4nofi seprrruHbl B Ap)TyIo. OprpaSov, accoql4ltpoBaHHblM c [poeKIIxoH-

uoi uarpnqefi, .rn,r.rercr |)KIJ - ero c)Karoe orpaxeHlle 3HaHI'lfi o pa:enruu oco-

6efi pacclrarprzeaeMoro Bu.Aa, 11 npuMeqareJlbHo, qro lto 6volornqecxoe 3IIaHue

o6ecnequeaer flpoBepKy Ma]e[4arrqecKoro csoictsa Nao.[erluoii Marpuubl.

Cumnyro cBr3Hocrb oprpaQa Ivroxuo I'IHreprlperupoBarb KaK HeKyIo r1eJlocr-

HOCTb MOAeJrripyeMOn CUCTeMI'I, a AeJIeHUe BO3paCTHblX KIaCCOB Ha pe[pOAyK {B-

HLre H rrocrpenpolyrtTl{BHl'Ie 3ry ueJlocrHocrb Hapy raer (puc. 1.1). @opuallHo

fXl{naprc. l.lHeo6,raaaerchrstioii ccn'}Hocrsto norol\'ry- uro Het nyrei. leay-
tqax u3 BeprxnHbl 5 n xaxylo-:rn6o erre. Bntecre c reu, cpe,4lr BeprxI'rH, coorBercf-

Byro 1r4x penpoAyKrxBxblM rpyflnaM, Bo3MoxHo Aocrt'Ixenue nro6ofi eeplruulr ll:
ruo6oii gpyroii 6larogap.n AyraM penpoA]'I{quuJ 3axoA.{rquM B nepBy}o BeprxllHy

(cu. raxxe flplrvep fl5). Taxr.ru o6pa:ou, varpr'rqa Jlec:ru Hepa3Jro)KI{Ma rorbro
npr.r oTcyTcTBnu [ocTpelpol{yKrI'IBHEIX BO3paCTHblx rpyfln.

Ho 4aNe KorAa flocrpenpo,4yKTrlBuble Bo3pacra npltcyrcrBylor B xI'l3HelIHoM

uun:re (xax y Aetatis hypothetica), oH:.4 coBceM He npeflrrcrB),'Ior aHaJrH3y MaKcI4-

naanrnoii nepa::roxrmnoi noAMarplrllbl, accolll4lrpoBaHHofi c penpodyrcmuettur,u

adpou (reproductive core) IXL{ - lrarcm.ta:rbHblM cIrJIbHo cBs3HtlM noArpa$oM

ucxognoro IX[. Hapuc. 1.1 oro nogrpaQ na nepltrl4Hax 1 4: r'rvenuo:gecr cxon-

rreHTpripoBaHri Bce Ayrlr penpoAyKuxl4 I'1 ocHoBHbIe .4evorpaQuuecxr're napaMe-

rpr,r. flosrovy cy4r,6a uo4e:tnofi nonyrtqulr orrpeAeJrterct aoAMarp;4qer'r. co-

ornercrsyroquii penpoAyrTr{BHoMy flEpy, unu nodNampu4e penpodywnuanozo

ndpa

(r re)

u ulrenso ee co6crnennsre uuc,la o6pa3ylor IaBHyIo qacrs cnerupa ncefi Marpllrl;I
L, xoropsrii (rax uuoxecrno vuce:r) ecrr' o6r'e4raueuue cnexrpoB lIepzl3JIo)ItHMbIX

6noxos, pacnonoNellrblx BAoJtb mannoi 4uatouanlr Marpxubl (ct*. lT eepxgeHue

(116.5) a flpu:roxenulr); elervrertrsr BHe,qI{aroHarLHbIx 6.noxon HuKaKoro BJrrlflHt4fl

na eellrvNuy co6crBeHHbtx ql{cer He oKa3I'IBaIor.

3anevanue i.1. B llplrlrepe 1.1 Nrlr su'lficr;rrrl cnel(rp I4 Haxo/.ulJrli ]'', ue 6ec-

roKorcb o pa3uo)K.lMocTI,I Marpl4q, a pe3yJl6Tar ocrarc.{ npex}IuM 11 flocJle BLrAe-

JreHrn Hepa3JroxuMoii noAMarpI'IIt6l penponyxTllBHofo aapa (1.19). Tar 6rreaer He

f0 0 b" b"1

t =l', o o 01,
lo s2 o oi
lo o sg ol

21



ftaBa 1. lvloAenx nonyflrqula c Bo3pacIHoi cTpyKrypoi

BCetaa, Li B npa(TqKe 3KoJIorFIecKoIo MoAeJrr.rpoBaHr4Jr cry{atucb cllTyarlr{r1 rAe
noAoosar 6ecIIe.tHocT6 rrpxBoAr{Jra K orrrr46(aM B orleHKe ?,,r KaK noTeHUI,IaJra pocTa
nonyJUIIilII{ro). tr

He ncer4a cnpaBe.q:rr.rBLr r.r flpeAenbr.r;re coorHo[reHur (1.14-15) -.qaxe AJrl
Hepa:norrunofi uarpuqrr I, n 3To 3aBlIcnr or cBoicrBa, KoropoMy rlocBtrqeH
cnelymrqHii pa3len.

flpttunrnsxocrb n rMnpr4Mnr BHocrb Marpnqbt.[lecn]l

Teopeua flepporra-@po6emyca 4:rx Heorpr{rlareJrbHbtx rvrarpuq (IIprzloNeulie,
$II.7) pa"::ruuaer crTyar\ur1 xorga 1,, crporo 6omure ecex ocrarbHr,rx co6creel-
[Lrx quceJr r4 KorAa B c eKrpe ecr6 er]e ri Apyrue ql{c:ra, paBH[re no v ogynro ],,
(puc. II3). B nepnou cnyqae Marpuqy Ha3brBaror npu.uumueruofi (crolr 6u clox-
HrIM Hr4 xa3anocb ee crpoeHrie!), Bo BTopoM - uMnptLMumusHofi- Kolu\ecreo h
co6creeHr.rsx qucen, paBnbix no MoAy,'rro 1,, (tr,rrouar cavo 1,,) uassreaercq uuderc-
coivr tr,tnptLuumuatrccmu. Cnenyt sroii .rorrme, y nplrvmrenofi varpuq;r h = 1, as
o6rqe*r c:ryuae nHoBb Ha noMorrtr npuxoglr fX{ (flprir'rox(eur4e, $I1.7, Kpurepufi
3): 4ocrarovHo BbrrrBr4T6 B fpa$e Bce npocmbte quKnbL, T.e. Bce raKIIe nyrrl rro
opueHTrrpoBaHHbIM AymM, y KoTopbIX IoHeqHar Beprrr{Ha coBnaAaeT c [ia,{al]bHofr
I{ Her Ap),Trlx noeroperulii eepuun (uer cauonepeceueuui), u ortpeaetua, dnuuy
(u:lu nepuod), T.e. KoJrr4r{ecrBo BepuMH, KaxAoro uriKJa, r.r nafiru nan6ollrrllrii
ooquil .qenurerb 3T]rx AJ]r.rH.

Ilpnuep 1,2. y fXU Ha pr.rc. l. I rpocrbrx rInKJ'roB ABa: O-+O-+@-+O alu-
grr 3 u O-+O >@-+@-+O arussr 4. Har.r6o:rr,rnr.rfi o6rqufi 4e:l.rre:rb 3rrrx Arrnx
pareu 1, r.e. Bce Marpr4rrbr, accounr.tpoBaHr{r,re c raKr{M oprya$oM, npr.rMrirr.{BHr,r.

flpuwrueHrr, B qacrHocru, Marpr{ubr Lru L, (1.12), qro rc loATBepx(Aaercr pe-
3yrLraraMrr eslqncreHriii ux crreKrpoB B flplrrr.repe I .1 . I

Kax z pa:loxulrocr/uepa:.noxzuocrt, lpllvrarztnocru/rntnpuMrlrxBxocrr, clrb
KaqecrBeHHbre cBoiicrBa MalpllIIBT, He 3aBLIcrnII4e oT KoJI4rIecTtseHHblx rna'{efl{fi ee

3JICMEHTOB.

Cxoguvocrr rpaexropufi MoAeJrx, BbrpaxeuHaq npene;rbH;rM coorHotreHreM
( 1.14), uueer vecro roJrlro B lpI,rMrrrliBsoM cJryqae, a I,IMnpr.rMr.rrHBHEre t\.Iarpr4rl;r
Jlec,ru reuepapyror quKru\ecKyto Ar4HaMxKyrr), npuqeM AoMr{HaHrntrii eerrop x* e

coornonreur.ux ( 1 . 14- l5) npespa:qaercr B r.tr.rKJrr{qecKyro eerrop-@y,nrua ro, L(t; x),
nepHoA Koropoit no I paBeH uuspxcy h rnu ero (nerplrena"rrnorry) .feJmeJrro, a .r
obo:nauaer crpyrtrypy nonyJrlqnr4 B Harra,rsnsrfi r,rouenr epe;ueun.

Ec:rn 6rr B xrrHeHHoM tluxne Aetatis hypothetica 6m llrurs o-tuH perrpoAyr{-
rlrnauii eo:pacr 3, ro flI{IJ srrnrr4el 6rr rax ua pr.rc. 1.1 ro.rsr.o 6e: :yrr penpo-

ro) Logofet, 2013.

") Ao(a3mer6crBo crrr., uanpuuep, CerpcNeo, "I1oro$e1 1978. SII-5. tlli: .\-osottl. 1993, Theorem
42.4.
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laryarllll{ rAe
rilrra'Ia pocTa

I _ Ja)KE AJUI

{-; nocBqIIeH

-l;LtoxieHue,
J: CO6CTBEH-

,.: \ro4ryrc Ir
---: 6br crox{-
;::-:!IqeCTBO ft
.:z:cs, uuder-

.-. kpnrepai
i:r3 rD/Tx no
-' i{aqa,'IbHot

:z-tnt dluuy
::ir5o.,lrunfi

'I --+,O g,ru-
: flrrx ,4JIHH

:!AtrITHBHhI.
:frfaeTcr pe-

iSHOCTb Cyrb
l:{a.rern{fr ee

]IHOlIICHITEM

lle }laTprrllbt
: eefttOp Xx e
r:l.no, L(t; x),
:,'IIneJIlO, a J

H perrpoayK-

,Iyrr penpo-

1993, Theorem

$1.2, Caoicrea MoAenr{ c varpuqeri lecnu

.q)'Kqru @+O. Tor4a Do: 0 rz coornercrnyrorqar rpa$y (pa::roxarnral) Marprrua
(1.9) lruora 6u zHoe 6no.rHoe crpoeHlle:

L,: (1.20)

- Tenepb c rpeMr AlraroHamusnrre 6:loraur, cpeAr.r Koropbrx ao.4Marpnqa penpo-

Ayr{ruBHoro .rApa uueer pa:vep 3 x3 r.r napa 6.roxoe nocrpenpoAyrTr.rBHr,rx Bo3pac-

ToB - no lx1. PenpoAyKTuBHoe r'4po fXI{ cocrom rorna ns o.4Horo JrElx6 qr.rKna

O-+@-+@-+O 4nr-rurr 3 c (o6qrM)) Aerurereu 3, noerovy r4HAeKc ,MnpHMr{-

Tr.rBHocrrr h : 3. llapar'r'eeprr s3r .s4, paclloJroxeHHrre BHe 4lraroHa,rrHr,rx 6roxos,
r{e BJrntrcT Ha BeJruquuy l' o qeM cBl4AereJr;ct'Byer u Bbrpo(eHr,re .EJrr rrHAllxaropa
( 1.16):

R,(I.) : s, sr 6r. (r.21)

flo-npexuevy, Korga lr(rr) 6o.nrruehrenrure 1, nory:uqr.u pacrer/y6r'maer r
Kore6arerbHoM pexs4Me (ecr6 napa (oMrIJIeKcHo-conp.{)KeHH6rx q}rceJr HaprAy c

)'r), a cnyuait )'r(L") : I :aoryxrmaer creqllar6Horo paccMorpeHut.
Ilpuruep 1.3. PaeeHcrso R,(I.) : s, s, D. : I nosao:lrer 6e: rpyAa Hailrr 3Haqe-

Hr.rr napaMerpoB, npr.r romprrx 1., (2.) : 1, - uanplrr'.rep,

(1.22)

Y6e4nrecr no4cranorxoi, vro y I. ecrs co6creexlr,rfi BeKTop e : [50,25,25,
15, 5]r, ornevarorquii co6crrennouy uucly 1,, : l. Ilpege:nnar eercop-$ymrqua
Z(l; x) nepuo4rura rro I c nepfionoM 3 r.r npu Haua,'nuou rercrope xroo : [100, 0, ..., OJI

lpr{HnMaeT cJreA}'rorqr4e 3HaqeHllt B ToqKax qL{KJIa:

LQn;x,o): [100, 0, 0, 30, 0]1,

LQn+ 1; x,o) = [0, 50, 0, 0, 10]r,

LQn+2; x,o)= [0, 0, 50, 0, 0]r

r4e n :rro6oe naqpanrHoe qncro, y Iauoro HalrarbHoro BeI{Topa, HanplrMep,

.r10 : [10, 10, ..., 10]r, u quxn 6yger nuulr:

LQn;x,): U0, 10, 10,3,21r,

00zarl
7/z o 0 0 0l
o 1-/1 o o 01.
0o3y'sool
o s c 1/3 ol

L,:
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fnaBa 1. MoAenu nonyJrrrlr,lr4 c Bo3pacrHori crpyKrypoi

$1.3. Bnunxue geuorpaQrqecKhx napaMerpoB
Ha noreHqran pocra noflyrteql4x luyecranrenrnocru rt,,l

B flprzuepe 1. 1 uarpuusr Z, u L, (1 .12) BbrmrrArr AoBonbao cxoxr{Mr.i, oAHar{o

HMeror rrpr{HurirrnaJrr,Ho pa3Hbre BeJII:ttlHHbr ,qoMuHaHTHoro quc,ra trr - MeHbure u
6o,rr,ne 1, reHepr4pyr y6smanrae u 6ecronevur,ri pocr nonyrlrrlr4u coorBerc'rBeH-
Ho. Kuryuqr.r.a noacxa3brBaer, vro trpnuuxoi ToMy cn),"KrlT cMeHa pona ,XByx pe-

npoAyKrr.rBHhLX rpynn: r pacryrueii norylllIqr.rlr xooS$nquenr penpo4yrquu n 6o-
:ree r'.ro:rogof .rpynne ngaoe 6onr,Ilre, veu e crap rei, a n y6Hearorqefi uao6opor

,{eficraure.nruo, ecnz a uarpzqe Z, (1.11) rolremrr MecraMr.r zuatenut b.u bo"

T.e. paccMoTpeTE MaTpr{qy

002
1//2 0 0
0 +/5 c
00r/2
000

(1.23)

ro ee 1", nrrpacrer 4o 1, r.e. nonyJurquor-rHar r.r: y6rmarorqefi npeBparlirc.s B cra-
6unsuyro. Tor xe :S$err Aocrrlraercs pocro yBerurreHuew boc 2 go 3 (npu
b.- l), u 3Aecb Harra vrTyvritrs. noAxpenneHa coorBercrByrorqr{ii reopeuoii o }.,
KaK MoHoroHHo eo:pacrarorqefi $yuxquu 3;reMesroB Marpr.rrlbr (Ilpunoxenrle,

$fI.7, cnoiicrno @7.1)). Ho c(opocrb sroro Bo3pacraHHr, oqeBHAHo, pa3Ha{.qnt
pa3HLIX 3JteMeHToB H, B qacrHocrlr, l,roxer 6um nyneeoii: HanpHMep, aaxe yABo-

euue s., (xorAa ocraJrbH6te gJIeMeHTLT ue u:uerurmcx) HuKaK He yBe-;rur{unaer 1,.
Ooprrralrno 3Tx paccyr(Aer{I{rl o6o6qarorcl rroHrrr{eM u,-scnteuntesuncmu }",

K sapua?4ufit 3JreMeHroB Marpurlbr Z (llpli:roxenne, $1I.7), roropoe no cMhrcJry

coBnaAaer c rroHqrrieM 'racmt toii npousaodtroi Syur<unr rrHonrt neper{eHHbx no
o4nofi rz: uepeueHuux (rpn nocro;rHcrBe Bcex octa,ttHrrx). a rnreHHo,

a)"ll)tat tj. (1.24)

C $opua,rrnofi ToqKI4 3pesuq, qyBcrBurerbHocrs i".12 t rrox.'uo Br,rqficrsrb no
orHo reHuro n :rro6ol,ry 3neMenry (1,/) MarpHubr Z. r.e. ,'- _t = 1.2....,M, u uyz-
crBureJrbuocrB 6yAer nonoxrerorr,noi 4:r.a :lo6oro B To\{ qrc-re H HyneBoro

SJIeMeHTa Kaxroro .{uaroHarbHoro 6lora. 3-,rerrenl,: 3il3 :;raroHatr,Hbrx 6roxos

L(3n+ 1; x,): [20, 5, 10, 6, 1] ,

LQn+2;x,): [20, 10, 5, 6,2|t fJt2)

pa:

no;

(rr-

3--re

or(
Illr
eT(

npl

ffe
toI]

BEI

cT(

BK

-lai
IIO]

trI
Hai

HOI

<32

c.l(

fIa

1.t

1 0'l
0 0l
n 01,
0 0l

7/Z A.

t

'') I4cropltvecltrr nepBoii Marpnueii ioqcctn) (Bemardelli. :+:
uarpuqa 3x3 r<ar lro4errb cyulecrBoBalrrt <<fior0rrrurosll:\ 3!-::
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reTpoB

lbHocrb i1l

u!_:riiltl[4, oAHaKo

i ;'- - MeHbrxe u
i:,: ;OOTBETCTBEH-

.: DO,-IH nByx pe-

-o-tyKrlr.rrr B 60-
L-eir Hao6opoT.
:- jtle:F^Hst b3 LI b{

{1.23)

e3paTxTct B cTa-

r. c 2 4o 3 (nplr
:-i reopertoii o 1,,

n {flpuro)KeHr.re,

1,lHO, pa3Has AIs
r\rep, .qDKe yABo-

:e-rra.rr.reaet 1", .

'sumanauocmu )u,

opoe no cMbtcny

nepeMer{Hblx Ilo
I3HHO,

(1.24)

IO BI'ItIIICJI{Tb NO

.2, ..., M, u .tya-

-'re 14 HyJreBoro -
namHHx 6:loxos

HO tiMnpIrMttTllBIIZUI

HOli cpe/xe.

r> 0, ec,'IH i,. + 0,
sr{Z.".") {: 0, "ro" iu : g. -

51,3. Bn eH!,le napaMerpoB Ha pocr nonyngllr,,1r4 (qyBcrBr,lrefibHocrb I,)

pa3;ro)KlrMofi Marpvrl6r Z He srr,rr]or Ha BernqaHy 1,,(Z) (xar u Ha npo'rue ]".), u
noroMy qyBcrBrrreJrbHocrB x uuu ny:reaax. Ho ecrfi per{b uAer o Mafpuue JlecJrlr

(a:ru anofi MoAeJru c $rr clrpoaanuuu fXI{), ro npuparqeHue arrp}ioprl HyneBoro
gJreMeHTa o3Haqaer He qro r4Hoe KaK IrotBJIeHLIe e rparpe xoeofi AyrH, T.e. I4cKa-

xeuue nprznxrofi cxeMbl oHToreHe3 a. lloerov'y no yuo raHutu (r.e, xorga unoe ne

oronopeno oco6o) v5,'rcrnr.rrelurocrl 1,, n raplraqluv HyJreBBIx gJIeMeHToB npoex-
qnonnoii Marpurlbr cqrlraercr ne onpedetenuoi u (s ganuov noco6au) o6o:llava-

ercs cuMsorol,l z,
Couacrlo orpeAe;reHulo (1.24) uyscreureJlbHocrb B ueJIoM nMeer Marplrquylo

npupoAy u BLrr{ucJrrerct no tpopuyle

s(z): [so(Z)l : e'f /<e,J>, (1.2s)

rge e u f cyrs co6crseuHHe senrop-cro:r6eq I,I -crpoKa coorBercrBeHHo, orBeqa-

rorqrle co6cmermoMy 3Ha:{eHHro }'r(L), a <, > o3Haqaer cxaJrrpHoe nporr3BeAeHlre

BerflopoB (flpu:roxeHue, $f{.7, t}opuy:ra (II7.3) s uurx o6osxa.renuxx).
Ilo,rs:osarerqM MATLAB :

Ecnu nai4eurr BeKropLI e uf ro (cornacHo npaBLrJIy yMHoxeHI{t (crpoKy Ha

cro:r6eq>) Qoprrayra (1.25) pearrl43yerct Bbt3oBoM

>> e*f(f*e)

B xoMaHrHoM oKHe MATLAB. tr
3aMeqaHue 1.2. K coNa.nenuro, KorAa Marplrqa I pa:ro>t<zua, $opuyra (1.25)

gaer uenepnrtii pe3ynbrar Anlr 3JreMeHToB BHe AlraroHaJrbHbrx 6:roxon, a I-tMelIHo,

rroKa3ErBaer rojroxr4Tenl,sym qyBcTBI4TeJIbHocrS TaM, rAe 3JreMeHT He Moxer BJIIT-

rrb Ha BeJrxvr{Hy },. A no:roNure.rbHtuI q),BcrBurerlJl{ocrr K 3JreMeHTaM .q}taro-
HaJIbHoro 6:rorca lrrloro, uexeJlll noAMarpltqa penpoAyl{rltBuol'o tlpa, ecrb B cytq-
Hocrr4 qyBcrBlireJrbHocrb AoM[Hanrnoro co6crsexHolo qlic;ra :roro 6,rora, a ue

<<:axoHnoro>> 1,, npoerquoanofi lrarplluu, 1", : fr(Z*,J. Ilosrouy Sopvyly (1.25)

cJre4yer nprrMeHrrb r{MeHHo K rloAMarprrqe penpoAyrTlrBHoro qApa, T. e. L - L 
".,",a c yqeroM cxa3auHoro ocJle onpeAeneHw (1.24),3JreMeHrbr coorBercrByroqeii

Marpltqsl qyBcrBr4rersuocrefi uorln 6rnr 4nyx rnlo*:

(1.26)

Ilpunep 1.4. flogl,,rarpuqsr penpoAylcxBHoro r,rpal,rarpu4 L, u L.usllpuvepa
1.1 uveror pa:nep 4x4 u cregyorqlril aI-I4:

L r.o*"

01
zn0

4/5 o

a 1/2

IO
!1/
io
I!0

21 [o o 2 1l
91.r. ltl'o l:l tt.2j)0 f' -:-'" I 0 L/L 0 u 

Io I I o o 3/s o I 
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fnaBa'1, MoAerrx nonynguut4 c Bo3pacrHoi crpylcypoi

tr{x co6crseHur,re nercrop-cron6qr,r, orBeqarorlr4e 1,, sar<onouepHo lpolopqlr-
oHaJrbHLr npoexql:.llv', e j.orerr e2corc, BeKTopoB (1.18) Ha no.qirpocrpaucrBo nepB6lx
qerLrpex KoMnoHeHT; coorBercrByloque BeKrop-crportr voxuo uafirz con'IacHo

(fI4J), sagau npoqeAype BbrrrucreHlrt co6crseHurrx quceJ TpaHcloHIrpoBaHHbIe

Marprrqbr L**l u Lr*,] u rpaucnoHr{poBaB B crpoxlt Hyxubre BeKrop-cro:r6qn.
MATLAB gaer rar<lre pe:ynrramr ([lrpl.Ix ' o3Haqaer rpaucnouraponanne):

>> elcore

0.7992
0.4259
0.3631
0.1935,

>> fl core

0.268r
05032
0.5902
0.5715,

>> e2core

0.8310
0.3830
0.3531
0.1953,

>> f2core'

0.2875
0.6238
0.6767
0.2651.

Orcroga no Qopuyte (1.23) rorryrlaeM:
)> el core*fl core/(flcore*el core) >> e2core*f2core l(f2core*e2core)

0.2844 0.5338 0.6261 0.6062
0.1s16 0.2844 0.3336 0.3230
0.1292 0.2425 0.2844 0.2754
0.0688 0.1292 0.rsl6 0.1467,

a c yrerou (1.24):

I o 6 0.6267
. 10.1s16 @ 6D(L,-.JI6o.24zs6

t a 0 *.1516

8.73L7
@

I
0,1720

Kan r'r oxugalocr, I,(Z) uau6oree rryBcrBr4TeJibHo K yBsrrtIeHHIo napaMerpa

b., rostlr[uqzerra penpoAyKIIIrI.r B uo;rogoii penpoayxmenoir rpynne. I

$1.4. Ynpaxuenrn

1.1. Cxo:rsrc <<npocrLD( cocrmorrremxl) orrucrrEET -+-sqe (l.l) B np[Mepax

$t.t?
1.2. Karuie coorHorreHr.rt Mex{.4y HH,{eKca-\rH a--f- -If- oquerennrrrr,ru n $1.1,

olpax(aloT clrryaqux, KorAa B xu3lrelrHorr rrf,E:

0.3109 0.674s 0.7317 0.2866
0.1433 0.3109 0.33't2 0.1321
0.1321 0.2866 0.3109 0.1218
0.0731 0.1585 0.1'120 0.0673,

16 *
t0"1433 &s(r,""J:l si 0.2a66
L8 6

s,6052 
|

EIol
0"28661
6lol
ol

I

b
c

d

I
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I

l

:cl
I

t.

l

: ;-: : \{.pHo nponopul{-
L,: l::aHCTBo IIepBbrX
TF:' : :iAI"ITI{ COIJIACHO
-:;;:'-oHHpoBaHHLte

&{. :r-i-rop-cTo]r6rlbr.
fiil;!,NBaHr.re):

>> f2core'

0.2875
r.1.6238

n.6767
!.t65 t .

I:r::---e2core)

_--_:I; 0.2866
I _:_r:l 0.1321
_:i09 0.1218

" .' -:0 0.0673,

:=eHItro napaMeTpa
:;1 rpynne. E

:re (1.1) s nprn4epax

::e,,renutrnau e { 1.1,

51"4. YnpaxHeH e

a) penpoAyKTHBHbIfi Bo3pacr roJrbKo oAxll;

b) penpo4yrruaHbx Bo3pacroB poBHo ABa, rpuveu crapunil n3 HI4x co-

B[aAaeT c MaKcuMaJIbHblM Bo3pacroM;

c) uueercx ponno ABa nocrpenpoAyKrHBHI'IX Bo3pacra;

d) rocrpenpo.irytruiBHbtx Bo3pacroB Her.

1.3. [oxa:arr, ucxog-a I43 cM6rcJra napaMerpa M ($1.1), qro cpeAx BeJIHqITH

,!r, J2, ..., ,g,u l ae ltoxer 6u,rr uylenrrx
1.4. Cxonrxo lryJreBsrx 3JreMeHToB co.qep)Knr Marpuqa ,rlecnrl (1.10) pa:lrepa

2x2, xorAa sce eo3pacrHl'Ie rpyflnbl tBnflIorc{ perlpoAyxruanuulr? Pa:ue-

pa 3 x 3? BbrBe crr.I t[opr',ryry alr o6rq ero clry'<afl nxn. (Yrtasatrue'. ns o6qe-

rO qt'lCIa )IeMeHTOB BblqecTb qllCIO nO,tONUrelUlStX.)

1.5. Bsraecm $opl',ryry ( I . 1 1) ns yparneuut (1 .7). (Vxct:anue: ItcrloJruoBarb rox-
gecrno Z0 = d rge I o6ozuauaer 'vamputly-eduuut4y: 

I: diag { 1, 1,..., I }).
1.6. Bsr.iucluru onpeAeJrxreJrL uarpzq (1.12), ne npraberar K rtoMorqli

<Matlab>. {Vxasanue: IlcrloJlb3oBarr, o6qee csoi;icrno onpeAenl'IreJlt Ma-

rpugat A pasMepa nxn: det A: )',)'r...),,.)
1.7. Ha nplrrraepe rrarpraq (1.12) y6egaract B Ha:rIrqull r'Ir'r4uxaropuoro csofi-

crna y gyur<quu R,(Z) (l .16).

1.8. flo4o6pan neHyJleBbre 3reMeHTsI laarpr.rqrr Z (1.9) raxlrv o6pa:ou, vro6r,r

l,r(r): 1, uuaitru paauoeec yn crpycrypy x* npux(0): 00,0, ..., 0lf.
(Vxasauue: I4clroJlb3oBarb I4Haztcarop (1. 1 6).)

1.9. *,{ora:an nHAr4(aropxoe cgoiicreo QyHxquu R,(r) (1.17) ArI{ MarpI.lqLI

( 1.8).

1.10. floveuy onpeAeireHlte co6crgesuoto eeKropa, r.e. paneacruo Zx: I, x,

Ars BeKropoB (1.18) nmonlr.aerc{ }recrporo, c orml6r<avn? Brrqtc:1ru
nopny ouu6xr.I, r e.l) Lox*(L) - X,x*(Lk) lt, k: |,2.

1.11. Ilycrr l, > 0 co6crseuHoe qucro MarpI{IIbI L (1.9), a no:.Iox(urenbH.bli

ner.-rop c(),) nocrpoel{ no $oplry:re

(1.2 8)

Ilora:ars, r{To 3Tor BeKTop:

a) .rn:rlercrco6crB€HHr'IM, coorBercrBylorquu:nauenurol";

b) o6tanaer rcaocmopoHHu.t/t cgoicreoM (cu. $1.2), xor4a l" - l;
c) uoxvr n uacrrsx cny.rarx o6lagars JreBocropoHHl.lM cnoiicreov, xorga )" < 1;

d) voNer n vacrnbx cry.Ia{x Hapyuarb JreBocropoH}Iee ceoficrBo, IorAa l, < l.
1.12. *')loxazxn y,rBepxrgel rt 1.llafb) &'rt Marpultbl Jleclu o6rqero -s44a, r.e.

px uarpuusr Z (1.8) a eerropa c(1"), aua,roruvnoro ( 1.28) pa:uepHocra ,41

1.13. KaKoBa Beroop-$yHxuur Z(l; e) n llpuuepe 1.3? llevy paeeu repl4oA ee

uurna2

4)") - [%, 
tr/A,tttr/#, srszsrr/1e, srs.srsu6"]r
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fnaBa 1. MoAen nonyflrqt4t4 c Bo3pacrHoi crpyffiypoi

1.14. Kax eeger ce6.r cyvitlapnar uucner*locG N(l) npu t -) co y nolyrsql4u c.

nplrura'rueaofi varprlrlefi Jlecru? c I.IMTTpLTMI,ITLIBHoit? (Yxasauue: zanu-

carr, orBer B BI.IAe npeAenbHoro coorlrorrrel{Ht, aHaJIo[I'rHorc (1.15)')

1. 15. Brmucarr xapaKrepucrr.{qecrzfi nolr.lrolr uatput$t(l -23) u y6egvw,ct

noAcraHosxofi, vro 1", : 1 flBr'flercr ero RopHeM. [oxa":at ro )Kg caMoe

vepe: r u4r.rr<arop ( l.l6).

.'.-
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